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Abstract

We obtain general lower and upper estimates for the first and the second Bohr radii of

bounded complete Reinhardt domains in Cn:
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1. Introduction

A bounded complete Reinhardt domain R in Cn is a bounded complete n-circled

domain, i.e., if z ¼ ðz1;y; znÞAR; then lðey1iz1;y; eyniznÞAR for all lAC; jljp1

and all y1;y; ynAR: As usual, if zACn and aAðN,f0gÞn; then we write za :¼
za11 yzan

n ; a! ¼ a1!yan! and jaj ¼ a1 þ?þ an: PðmCnÞ is the space of all m-

homogeneous complex valued polynomials
P

jaj¼mcaz
a: For 1pppN we write, as

usual, cn
p for C

n endowed with the norm jjzjjp ¼ ð
Pn

k¼1jzkjpÞ1=p; and Bcn
p
for its open

unit ball.
In the last years (see [1–10,14,15,17 p. 321–322,18–20,22]) a lot of attention has

been given to several multidimensional generalizations of a classical theorem of Bohr
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[11], namely: let f ¼
P

N

k¼0akzk be a holomorphic function on D; the open unit disk of

C; such that j f ðzÞjp1 for each zAD: Then
P

N

k¼0jakzkjp1 when jzjo1
3
; and moreover

the radius 1
3

is the best possible. This 1
3
is called the Bohr radius of D:

The first Bohr radius of a bounded complete Reinhardt domain R was defined by
Boas and Khavinson [10] to be KðRÞ :¼ sup r; the supremum taken over all 0prp1
such that whenever the power series

P
aAðN,f0gÞn caz

a satisfies j
P

aAðN,f0gÞn cazajp1

for all zAR; it follows that
P

aAðN,f0gÞn jcazajp1 for all zArR:

In [16, (1.3)], Dineen and Timoney, while investigating the existence of absolute
monomial basis for spaces of holomorphic functions over infinite dimensional locally
convex spaces, required a several variables version of the classical result of Bohr
quoted above. They obtained a result, which in the terminology of Boas and
Khavinson is an upper bound for the Bohr radius of the polydisc, that is for all e40

there exists CðeÞ40 such that KðBcn
N
ÞpCðeÞn

1
2
þe (see [10,15, 4.6, p. 321] for a

clarification). In [10, Theorem 2], Boas and Khavinson obtained lower and upper
bounds for KðBcn

N
Þ; and also the optimal lower estimate which holds for all complete

Reinhardt domains [10, Theorem 3]. Then Aizenberg [1, Theorem 9] got lower and
upper bounds for Bcn

1
; and finally Boas [9, Theorem 3] solved the problem for

Bcn
p
; ð1opoNÞ completely. All these results are summarized in: for every choice of

coefficients ba and ca

1

3
ffiffiffi
e3

p 1

n
1�1

p

pKðBcn
p
Þo3

log n

n

� �1�1
p

if 1ppp2;

1

3

1ffiffiffi
n

p pKðBcn
p
Þo2

ffiffiffiffiffiffiffiffiffiffi
log n

p 1ffiffiffi
n

p if 2pppN: ð1:1Þ

Linking Bohr radii with local Banach space theory, a general study of the behavior
of KðBX Þ with respect to the dimension of X ; where X ¼ ðCn; jj:jjÞ is a Banach space
such that the canonical basis is normalized and 1-unconditional, is given in [12]. Our
main estimates are based on a probabilistic tool from [12, Theorem 3.1]. This result
was improved in [13, Theorem 3.1], and we are going to apply this version in Section
1 of this article to obtain lower and upper estimates of KðRÞ for any bounded
complete Reinhardt domain of Cn:
In [1], Aizenberg introduced the second Bohr radius BðRÞ of a bounded complete

Reinhardt domain R as the largest 0prp1 such that whenever the power seriesP
aAðN,f0gÞn caz

a satisfies j
P

aAðN,f0gÞn caz
ajp1 for all zAR; it follows thatP

aAðN,f0gÞnsupzArR jcazajp1: As Aizenberg points out in [1], BðBcn
N
Þ ¼ KðBcn

N
Þ;

and in particular BðDÞ ¼ 1
3
: Moreover in [1, Theorem 4], Aizenberg proved that

1

3n
o1� 2

3

� �1
n

pBðRÞ ð1:2Þ

for any bounded complete Reinhardt domain R in Cn and nX2:
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In [9, Theorem 5], Boas proved that

1

3n
o1� 2

3

� �1
n

pBðBcn
p
Þo4

log n

n
if 1ppp2;

1

3

1

n

� �1
2
þ1

p

pBðBcn
p
Þo4

log n

n

� �1
2
þ1

p

if 2pppN: ð1:3Þ

In Section 2 of our paper, we are going to obtain general estimates (that can be
actually computed in many cases) for the second Bohr radius of bounded complete
Reinhardt domains of Cn:

2. General estimates for the first Bohr radius

Clearly, KðRÞ; the first Bohr radius of R; is the supremum over all 0prp1 such
that

sup
zAR

X
aAðN,f0gÞn

jcaðrzÞajp sup
zAR

X
aAðN,f0gÞn

caz
a

������
������ ð2:1Þ

for every power series
P

acaza convergent on R: Given mAN we define

KmðRÞ :¼ sup rA½0; 1;

the supremum taken over all 0prp1 such that whenever the m-homogeneous
polynomial

P
jaj¼mcaza satisfies j

P
jaj¼mcaz

ajp1 for all zAR; then
P

jaj¼mjcazajp1 for

all zArR: Obviously, KmðRÞ :¼ sup rA0; 1 such that

sup
zAR

X
jaj¼m

jcazajp
1

rm
sup
zAR

X
jaj¼m

caz
a

������
������; ð2:2Þ

moreover, KðRÞpKmðRÞ: For the following lemma note that for any bounded
complete Reinhardt domain R in Cn

jjPjjR :¼ supfjPðxÞj : xARg

defines a norm on the space PðmCnÞ:

Lemma 2.1. If R is a bounded complete Reinhardt domain in Cn; then for each mAN

1

KmðRÞm ¼ sup
X
jaj¼m

eacaza

������
������ : zAR;

X
jaj¼m

caz
a

������
������

������
������
R

p1; jeajp1; jaj ¼ m

8<
:

9=
;: ð2:3Þ
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Proof. Clearly,

sup
zAR;jeajp1

X
jaj¼m

eacaza

������
������ ¼ sup

zAR

X
jaj¼m

jcazaj

for all m-homogeneous polynomials
P

jaj¼mcaz
a: To finish the proof it is enough to

deduce from (2.2) that

1

KmðRÞm ¼ sup
X
jaj¼m

jcazaj : zAR;
X
jaj¼m

caz
a

������
������

������
������
R

p1

8<
:

9=
;;

which obviously gives the desired equality. &

By normalizing and applying Lemma 2.1 we get for every choice of coefficients ba
and ca

sup
zAR

X
jaj¼m

jbacazajp 1

KmðRÞm sup
a

jbaj sup
zAR

X
jaj¼m

caz
a

������
������: ð2:4Þ

The next result links the first Bohr radius KðRÞ and the sequence ðKmðRÞÞNm¼1:

Proposition 2.2. Let R be a bounded complete Reinhardt domain in Cn: Then we have

1
3 infm

KmðRÞpKðRÞpmin 1
3; infm

KmðRÞ
n o

:

The proof of this proposition is very similar to [12, Proof of Theorem 2.2] taking
into account that the right part of equality (2.3) is, by definition, wMðPðmCnÞ; jj:jjRÞ;
the unconditional basis constant of the monomials in PðmCnÞ when endowed with
the norm jj:jjR; i.e., we have that for each mAN

1

KmðRÞm ¼ wMðPðmCnÞ; jj:jjRÞ:

We will need the following probabilistic estimate from [13, Corollary 3.2] (see also
[12, Theorem 3.1]).

Theorem 2.3. Let ðeaÞjaj¼m be a family of independent standard Bernoulli random

variables on a probability space ðO; mÞ (each e : O-f�1; 1g takes the values þ1 and

�1 with equal probability 1
2
), and let ca; jaj ¼ m; be scalars. There exists a constant
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0oCmp2
3m�1
2 m

3
2; such that for each bounded circled set U in Cn we have

Z
O
sup
zAU

X
jaj¼m

caeaza

������
������dm

p
ffiffiffiffiffiffiffiffiffiffi
log n

p
Cm sup

jaj¼m

jcaj
ffiffiffiffiffiffi
a!
m!

r( )
sup
zAU

Xn

k¼1
jzkj2

 !m�1
2

sup
zAU

Xn

k¼1
jzkj:

As a consequence, we get the following upper estimate for KmðRÞ:

Corollary 2.4. If R is a bounded complete Reinhardt domain in Cn; then for each m

KmðRÞmpDm

ffiffiffiffiffiffiffiffiffiffi
log n

p supzARð
Pn

k¼1jzkj2Þ1=2

supzAR

Pn
k¼1jzkj

 !m�1

;

where 0oDmp
ffiffiffiffiffiffi
m!

p
2
3m�1
2 m

3
2:

Proof. As R is n-circled and balanced we have that

sup
zAR

Xn

k¼1
jzkj

 !m

¼ sup
zAR

Xn

k¼1
zk

�����
�����
m

¼ sup
zAR

Xn

k¼1
zk

 !m�����
����� ¼ sup

zAR

X
jaj¼m

m!

a!
za

������
������:

Hence, by (2.4) we have for each oAO

sup
zAR

Xn

k¼1
jzkj

 !m

¼ sup
zAR

X
jaj¼m

m!

a!
eaðoÞeaðoÞza

������
������

p
ffiffiffiffiffiffi
m!

p

KmðRÞm sup
zAR

X
jaj¼m

ffiffiffiffiffiffi
m!

a!

r
eaðoÞza

������
������:

By integrating this inequality and applying Theorem 2.3 we obtain

sup
zAR

Xn

k¼1
jzkj

 !m

p
Z
O

ffiffiffiffiffiffi
m!

p

KmðRÞm sup
zAR

X
jaj¼m

ffiffiffiffiffiffi
m!

a!

r
eaðoÞza

������
������ do

p
ffiffiffiffiffiffi
m!

p

KmðRÞm

ffiffiffiffiffiffiffiffiffiffi
log n

p
Cm sup

zAR

Xn

k¼1
jzkj2

 !m�1
2

sup
zAR

Xn

k¼1
jzkj

from where the conclusion follows. &

We need to introduce a new notation in order to be able to compare Bohr radii.
Let R1 and R2 be two bounded complete Reinhardt domains in Cn; define

SðR1;R2Þ :¼ inffb40 : R1CbR2g:
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As an example, if R is a bounded complete Reinhardt domain in Cn; then

SðR;Bcn
p
Þ ¼ sup

zAR

Xn

k¼1
jzkjp

 !1=p

; 1ppoN;

SðR;Bcn
N
Þ ¼ sup

zAR

sup
k¼1;y;n

jzkj : ð2:5Þ

In particular, it follows from Hölder’s inequality that

SðBcn
N
;Bcn

p
Þ ¼ n

1
p; 1pppN;

SðBcn
q
;Bcn

2
Þ ¼ n

1
2
�1

q; 2pqpN: ð2:6Þ

Lemma 2.5. For two bounded complete Reinhardt domains R1 and R2 in Cn we have

1

SðR1;R2ÞSðR2;R1Þ
KðR2ÞpKðR1ÞpSðR1;R2ÞSðR2;R1ÞKðR2Þ:

Proof. To check the first inequality, assume that

X
a

caza

�����
�����p1 for all zAR1:

Then, for every d140

X
a

ca
z

SðR2;R1Þ þ d1

� �a
�����

�����p1 for all zAR2:

Hence, for every 0oeoKðR2Þ;X
a

jcaj
1

ðSðR2;R1Þ þ d1Þjaj
jzajp1 for all zAðKðR2Þ � eÞR2:

But this obviously implies that for every d240X
a

jcaj
1

ðSðR2;R1Þ þ d1Þjaj
KðR2Þ � e

SðR1;R2Þ þ d2
z

� �a����
����

¼
X
a

jcaj
KðR2Þ � e

ðSðR2;R1Þ þ d1ÞðSðR1;R2Þ þ d2Þ
z

� �a����
����p1 for all zAR1;

which finally shows

1

SðR1;R2ÞSðR2;R1Þ
KðR2ÞpKðR1Þ:

By interchanging R1 and R2 in the formula above, we obtain the second
inequality. &
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Given a bounded complete Reinhardt domain R in Cn; it is immediate to check

that SðR; tRÞ ¼ t�1 and SðtR;RÞ ¼ t for all t40; hence we get another elementary
but useful consequence.

Corollary 2.6. Let R be a bounded complete Reinhardt domain in Cn and t40: Then

we have KðRÞ ¼ KðtRÞ:

By Boas and Khavinson [10, Theorem 3] we know that KðRÞX 1
3
ffiffi
n

p for each R:

Then Lemma 2.5 combined with Aizenberg’s result from (1.1) yields the following
general lower bound.

Theorem 2.7. Let R be a bounded complete Reinhardt domain in Cn: Then, we have

max
1

3
ffiffiffi
n

p ;
1

3
ffiffiffi
e3

p
SðR;Bcn

1
ÞSðBcn

1
;RÞ

 !
pKðRÞ:

Next, we give a general upper estimate for the first Bohr radius.

Theorem 2.8. Let R be a bounded complete Reinhardt domain in Cn: We have

KðRÞpe323=2
ffiffiffiffiffiffiffiffiffiffi
log n

p supzARð
Pn

k¼1jzkj2Þ1=2

supzAR

Pn
k¼1jzkj

;

or equivalently

KðRÞpe323=2
ffiffiffiffiffiffiffiffiffiffi
log n

p SðR;Bcn
2
Þ

SðR;Bcn
1
Þ:

Proof. By Proposition 2.2 and Corollary 2.4 we have that for each m

KðRÞpKmðRÞpð
ffiffiffiffiffiffiffiffiffiffi
log n

p ffiffiffiffiffiffi
m!

p
2
3m�1
2 m

3
2Þ

1
m

supzARð
Pn

k¼1jzkj2Þ1=2

supzAR

Pn
k¼1jzkj

 !m�1
m

¼ð
ffiffiffiffiffiffiffiffiffiffi
log n

p ffiffiffiffiffiffi
m!

p
2
3m�1
2 m

3
2Þ

1
m

supzAR

Pn
k¼1jzkj

supzARð
Pn

k¼1jzkj2Þ1=2

 !1
m

� supzARð
Pn

k¼1jzkj2Þ1=2

supzAR

Pn
k¼1jzkj

:

Now, we consider t40 such that tR is a subset of the polydisc Bcn
N
and there exists

z0AtR satisfying jjz0jjN ¼ 1: We have

supzAR

Pn
k¼1jzkj

supzARð
Pn

k¼1jzkj2Þ1=2

 !1
m

¼ supzAtR

Pn
k¼1jzkj

supzAtRð
Pn

k¼1jzkj2Þ1=2

 !1
m

pn1=m: ð2:7Þ
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Moreover, in the proof of Defant et al. [12, Theorem 4.2] it is shown that there exists
an m (m ¼ 1 if n ¼ 2 and m ¼ ½log n if nX3) such that

ffiffiffiffiffiffiffiffiffiffi
log n

p ffiffiffiffiffiffi
m!

p
2
3m�1
2 m

3
2

� �1
m

n1=moe32
3
2
ffiffiffiffiffiffiffiffiffiffi
log n

p
ð2:8Þ

from which the conclusion follows. &

We obtain the following interesting special case.

Corollary 2.9. Let R be a bounded complete Reinhardt domain in Cn such that

Bcn
1
CRCBcn

2
: Then

1

3
ffiffiffi
e3

p 1

supzAR

Pn
k¼1jzkj

pKðRÞpe323=2
ffiffiffiffiffiffiffiffiffiffi
log n

p 1

supzAR

Pn
k¼1jzkj

:

Proof. It is immediate from our lower and upper estimates (Theorems 2.7 and 2.8) as

SðR;Bcn
2
Þp1; SðBcn

1
;RÞX1 and, by (2.5), SðR;Bcn

1
Þ ¼ supzAR

Pn
k¼1jzkj: &

Define for 0opkpN; k ¼ 1;y; n; the bounded complete Reinhardt domain

RðpkÞ :¼ fzACn :
Xn

k¼1
jzkjpko1g:

Corollary 2.10. Let 1ppkp2; k ¼ 1;y; n: Then we have

1

3
ffiffiffi
e3

p 1

supzARðpk Þ

Pn
k¼1jzkj

pKðRðpkÞÞpe323=2
ffiffiffiffiffiffiffiffiffiffi
log n

p 1

supzARðpk Þ

Pn
k¼1jzkj

:

Sometimes more precise estimates are possible:

Example 2.11. If 1ppkp2; k ¼ 1;y; 2n and p2k ¼ 2; k ¼ 1;y; n; then

1

3
ffiffiffiffiffi
2n

p pKðRðpkÞÞpe323=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
log 2n

p 1ffiffiffiffiffi
2n

p :

This result clearly follows from Theorem 2.7 and the fact supzARðpk Þ

P2n
k¼1jzkjX

ffiffiffi
n

p
:

We conjecture that there exists a constant C40 such that if 2ppkpN; k ¼
1;y; n; then

1

C

1ffiffiffi
n

p pKðRðpkÞÞpC
ffiffiffiffiffiffiffiffiffiffi
log n

p 1ffiffiffi
n

p :
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3. General estimates for the second Bohr radius

The upper estimate for the second Bohr radius is again based on our probabilistic
tool Theorem 2.3. Again, we begin with some elementary facts, which are analogues
of Lemma 2.5 and its corollary.

Lemma 3.1. Let R1 and R2 be two bounded complete Reinhardt domains in Cn; and

t40: Then

(1) BðR1ÞpSðR1;R2ÞSðR2;R1ÞBðR2Þ:
(2) BðR1Þ ¼ BðtR1Þ:
(3) BðR1ÞptBðR2Þ; whenever R2CR1CtR2:

Proof. The proof of (1) follows the same pattern as the proof of Lemma 2.5.
Also (2) is obtained from (1) in an analogous way as Corollary 2.6 is obtained
from Lemma 2.5. Finally, (3) is a consequence of (1) since SðR2;R1Þp1 and
SðR1;R2Þpt: &

As BðBcn
N
Þ ¼ KðBcn

N
Þ (see the introduction) and 1

3
ffiffi
n

p pKðBcn
N
Þ (see (1.1)), we get,

using also (1.3), the following lower estimate of the second Bohr radius.

Proposition 3.2. Let R be a bounded complete Reinhardt domain in Cn: We have

1

3
max

1

n
;

1ffiffiffi
n

p
SðR;Bcn

N
ÞSðBcn

N
;RÞ

 !
pBðRÞ:

In order to formulate our upper estimates we again need some more notation: For
a bounded complete Reinhardt domain R in Cn we write

bmðRÞ :¼ inf
jaj¼m

sup
zAR

jzaj
� ��1

m

; mAN,f0g;

a2ðRÞ :¼ b1ðRÞ;

anðRÞ :¼ b½log nðRÞ; nX3: ð3:1Þ

Clearly, if R1 and R2 are complete Reinhardt domains in Cn such that R1CR2 then
anðR2ÞpanðR1Þ:

Theorem 3.3. For each bounded complete Reinhardt domain R in Cn we have

BðRÞpe323=2
ffiffiffiffiffiffiffiffiffiffi
log n

p
anðRÞ supzARð

Pn
k¼1jzkj2Þ1=2

n
:
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Proof. By Theorem 2.3, we know that there are signs ea ¼ 71; jaj ¼ m; such that

sup
zAR

X
jaj¼m

ea
m!

a!
za

������
������

p
ffiffiffiffiffiffiffiffiffiffi
log n

p
2
3
2

m�1
2m

3
2 sup

jaj¼m

ffiffiffiffiffiffi
m!

a!

r
sup
zAR

Xn

k¼1
jzkj2

 !m�1
2

sup
zAR

Xn

k¼1
jzkj

p
ffiffiffiffiffiffiffiffiffiffi
log n

p
2
3
2

m�1
2m

3
2
ffiffiffiffiffiffi
m!

p
sup
zAR

Xn

k¼1
jzkj2

 !m�1
2

sup
zAR

Xn

k¼1
jzkj:

Hence, by definition of the second Bohr radius, we get for every 0odo1

X
jaj¼m

m!

a!
sup

zAð1�dÞBðRÞR
jzaj

p
ffiffiffiffiffiffiffiffiffiffi
log n

p
2
3
2

m�1
2m

3
2
ffiffiffiffiffiffi
m!

p
sup
zAR

Xn

k¼1
jzkj2

 !m�1
2

sup
zAR

Xn

k¼1
jzkj:

Thus

nmBðRÞm
bmðRÞ�mp

ffiffiffiffiffiffiffiffiffiffi
log n

p
2
3
2

m�1
2m

3
2
ffiffiffiffiffiffi
m!

p
sup
zAR

Xn

k¼1
jzkj2

 !m�1
2

sup
zAR

Xn

k¼1
jzkj:

By taking the mth root

BðRÞp
ffiffiffiffiffiffiffiffiffiffi
log n

p ffiffiffiffiffiffi
m!

p
2
3m�1
2 m

3
2

� �1
m supzAR

Pn
k¼1jzkj

supzARð
Pn

k¼1jzkj2Þ1=2

 !1
m

bmðRÞ

� supzARð
Pn

k¼1jzkj2Þ
1
2

n
:

By (2.7) we get

BðRÞp
ffiffiffiffiffiffiffiffiffiffi
log n

p ffiffiffiffiffiffi
m!

p
2
3m�1
2 m

3
2

� �1
m

n1=mbmðRÞ supzARð
Pn

k¼1jzkj2Þ
1
2

n
:

Finally, by taking m ¼ 1 if n ¼ 2; m ¼ ½log n if nX3 and applying (2.8) we
obtain

BðRÞpe323=2
ffiffiffiffiffiffiffiffiffiffi
log n

p
anðRÞ supzARð

Pn
k¼1jzkj2Þ

1
2

n
: &

The following result combines the preceding two statements.
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Corollary 3.4. Let R be a bounded complete Reinhardt domain in Cn: Then we have

1

3
max

1

n
;

1ffiffiffi
n

p
SðR;Bcn

N
ÞSðBcn

N
;RÞ

( )
pBðRÞpe323=2

ffiffiffiffiffiffiffiffiffiffi
log n

p
anðRÞ

SðR;Bcn
2
Þ

n
:

In particular, if RCBcn
2
; then

1

3n
pBðRÞpe323=2

ffiffiffiffiffiffiffiffiffiffi
log n

p
anðRÞ 1

n
:

Lemma 3.5. Let p1;y; pn40: Then for each multi-index aAðN,f0gÞn
we have

supfjzaj : zARðpkÞg ¼
ða1

p1
Þ
a1
p1yðan

pn
Þ
an

pn

ða1
p1
þ?þ an

pn
Þ
a1
p1
þ?þan

pn

:

Proof. Given b ¼ ðbkÞ; u ¼ ðukÞA½0;þNÞn we denote jbj ¼ b1 þ?þ bn; ub ¼
u
b1
1 yu

bn
n and Q ¼ fuA½0;þNÞn : u1 þ?þ unp1g: Clearly, it is enough to prove

that

supfub : uAQg ¼ bb

jbjjbj
for all bA½0;þNÞn:

To do that we need the following inequality (concavity of log): Given a1;y; an40

and q1;y; qnX1 such that 1
q1
þ?þ 1

qn
¼ 1; it holds that a1yanp

a
q1
1

q1
þ?þ a

qn
n

qn
:

We can assume that bk40 for all k ¼ 1;y; n: Let uAQ: By applying the concavity

of log with qk :¼ jbj
bk

and ak :¼ ðuk

bk
Þ
bk

jbj for all k ¼ 1;y; n;

ub

bb

� � 1
jbj
p

b1
jbj

u1

b1
þ?þ bn

jbj
un

bn

¼ u1 þ?þ un

jbj :

Hence

ubp
bb

jbjjbj

for all uAQ: But, if we take u ¼ ðukÞn
k¼1 with uk :¼ bk

jbj for all k ¼ 1;y; n; we have

that u1 þ?þ un ¼ 1 and ub ¼ bb

jbjjbj
: This completes the proof. &

For z ¼ ðða1jajÞ
1
p1 ;y; ðan

jajÞ
1
pnÞ; we obtain

supfjzaj : zARðpkÞgX
a
a1
p1
1 ya

an

pn
n

jaj
a1
p1
þ?þan

pn

: ð3:2Þ
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If in the above lemma we take p1 ¼ ? ¼ pn ¼ pX1; then supzAcn
p
jzaj ¼ ð aa

jajjaj
Þ1=p; a

result which can be found e.g. in [15, Lemma 1.38].

Example 3.6. Let n42 and p1;y; pn40:

(1) If all 0opkp2; then

1

3n
pBðRðpkÞÞpe323=2ðlog nÞ

1
2
þ1=min pk

1

n
:

(2) If all 2ppkoN; then

1

3n
1
2
þ1=min pk

pBðRðpkÞÞpe323=2ðlog nÞ
1
2
þ1=min pk

1

n
1
2
þ1=max pk

:

Proof. Define p :¼ min pk; and get, by (3.2) for all m

supfjzaj : zARðpkÞgX
a
a1
p1
1 ya

an

pn
n

m
a1
p1
þ?þan

pn

X
1

m
m
p

for all aAðN,f0gÞn such that jaj ¼ m: Hence for all m

inf
jaj¼m

supfjzaj : zARðpkÞgX
1

m
m
p

and therefore

bmðRðpkÞÞ ¼
1

inf jaj¼msupfjzaj : zARðpkÞg

� �1
m

pm
1
p:

Thus

anðRðpkÞÞ ¼ b½log nðRðpkÞÞpðlog nÞ
1

min pk : ð3:3Þ

Now, if we assume 0opkp2; k ¼ 1;y; n; then SðRðpkÞ;Bcn
2
Þp1: Applying Corollary

3.4, we obtain (1). In the case that 2ppkoN for all k ¼ 1;y; n; we have
SðRðpkÞ;Bcn

N
Þp1 and SðBcn

N
;RðpkÞÞ ¼ b such that

1

bp1
þ?þ 1

bpn
¼ 1:

To get an upper estimate of b we observe that Bcn
p
CRðpkÞ: Hence, by (2.6)

SðRðpkÞ;Bcn
N
ÞSðBcn

N
;RðpkÞÞpSðBcn

N
;Bcn

p
Þ ¼ n

1
p:

If we denote q :¼ max pk; we have RðpkÞCBcn
q
; then by (2.6)

SðRðpkÞ;Bcn
2
ÞpSðBcn

q
;Bcn

2
Þ ¼ n

1
2
�1

q:

Finally, (3.3) and Corollary 3.4 give (2). &
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Note that if in the above example, we consider the case that all 0opk ¼ p; then we
recover (1.3), the asymptotic estimates for BðBcn

p
Þ obtained by Boas for 1pppN in

[9, Theorem 5] (but our log-term is worse whenever 1ppo2). In any case the
asymptotic estimates obtained in this example are far from sharp as the next example
shows.

Example 3.7. Fix rAN: Given p1;y; prX2; let R :¼ fzACn : jz1jp1 þ?þ jzrjpr þ
jzrþ1j2 þ?þ jznj2o1g: Then, we have

1

3n
pBðRÞpC

log n

n
;

for all n4r; where 0oCpe323=2ðr þ 1Þ1=2:

The left inequality is obtained in Example 3.6. On the other hand it is very easy to

check SðR;Bcn
2
Þpðr þ 1Þ1=2:

Let us collect some more examples in order to illustrate our results. Recall the
definition of mixed Minkowski spaces:

cm
p ðcn

qÞ :¼ fðxkÞm
k¼1jx1;y; xmACng with jjðxkÞm

k¼1jjp;q :¼
Xm

k¼1
jjxkjjpq

 !1=p

:

Example 3.8. Let m; nAN with m; nX2:

(1) For 0op; qp2

1

3

1

mn
pBðBcm

p ðcn
qÞÞpe323=2ðlog mnÞ

1
2
þ 1
minfp;qg 1

mn
:

(2) For 2pp; qpN

1

3

1

m
1
2
þ1

pn
1
2
þ1

q

pBðBcm
p ðcn

qÞÞpe323=2ðlog mnÞ
1
2
þ 1
minfp;qg 1

m
1
2
þ1

pn
1
2
þ1

q

:

Proof. The space cm
p ðcn

qÞ has dimension mn: By applying Corollary 3.4

1

3
max

1

mn
;

1ffiffiffiffiffiffiffi
mn

p
SðBcm

p ðcn
qÞ;Bcmn

N
ÞSðBcmn

N
;Bcm

p ðcn
qÞÞ

( )
pBðBcm

p ðcn
qÞÞ

pe323=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log mn

p
amnðBcm

p ðcn
qÞÞ

SðBcm
p ðcn

qÞ;Bcmn
2
Þ

mn
: ð3:4Þ

As Bcmn
minfp;qg

¼ Bcm
minfp;qgðc

n
minfp;qgÞCBcm

p ðcn
qÞ; by (3.3) we get that for all p; q40

amnðBcm
p ðcn

qÞÞpðlog mnÞ
1

minfp;qg:

Moreover, if 0op; qp2 then SðBcm
p ðcn

qÞ;Bcmn
2
Þp1 and we obtain (1).
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The inclusion Bcm
p ðcn

qÞCBcmn
N
implies SðBcm

p ðcn
qÞ;Bcmn

N
Þp1: In the proof of Defant et al.

[12, Example 4.5] it is pointed out that for 1pa; b; c; dpN

SðBcm
a ðcn

b
Þ;Bcm

c ðcn
d
ÞÞ ¼ SðBcm

a
;Bcm

c
ÞSðBcn

b
;Bcn

d
Þ;

hence by (2.6)

SðBcmn
N
;Bcm

p ðcn
qÞÞ ¼ SðBcm

N
;Bcm

p
ÞSðBcn

N
;Bcn

q
Þ ¼ m

1
pn

1
q;

SðBcm
p ðcn

qÞ;Bcmn
2
Þ ¼ SðBcm

p
;Bcm

2
ÞSðBcn

q
;Bcn

2
Þ ¼ m

1
2
�1

pn
1
2
�1

q

for all 2pp; qpN: Now (2) follows from (3.4). &

Remark 3.9. There exists an one to one correspondence between bounded convex
complete Reinhardt domains in Cn and the open unit balls of the norms in Cn for

which ðekÞn
k¼1; the canonical basis of C

n; is 1-unconditional. Indeed, the Minkowski

gauge of R (i.e., jjzjjR :¼ inffl : zAlRg; zACn) is a norm on Cn and R coincides with

the open unit ball of ðCn; jj:jjRÞ: The fact that R is n-circular and balanced implies

that ðekÞn
k¼1 is an 1-unconditional basis of ðCn; jj:jjRÞ: Reciprocally, if X ¼ ðCn; jj:jjÞ

is a Banach space, such that ðekÞn
k¼1 is an 1-unconditional basis, then it is trivial that

its open unit ball BX is a bounded convex complete Reinhardt domain in Cn: Hence,
the study done in [12] about the first Bohr radii for the unit balls of finite dimensional
complex Banach spaces X ¼ ðCn; jj:jjÞ for which the canonical bases are normalized
and 1-unconditional, is essentially the study of convex bounded complete Reinhardt
domains in Cn: But there it is very useful to be able to apply many results from the
local Banach space theory. For the second Bohr radius a parallel study could be
made. We are going to state only two corollaries to illustrate this possible
development. We refer to [12,19] for the unexplained terms.

Corollary 3.10. Let X ¼ ðCn; jj:jjÞ be a 2-convex symmetric Banach space such that

Mð2ÞðXÞ ¼ 1: Then for all nX2

1

3

supjjzjjo1ð
Pn

k¼1jzkj2Þ
1
2

n
pBðBX Þpe323=2

ffiffiffiffiffiffiffiffiffiffi
log n

p
anðBX Þ

supjjzjjo1ð
Pn

k¼1jzkj2Þ
1
2

n
:

Proof. The upper bound is a direct consequence of Theorem 3.3. For the lower
bound we apply Proposition 3.2 to get

1

3
ffiffiffi
n

p
SðBX ;Bcn

N
ÞSðBcn

N
;BX Þ

pBðBX Þ:

Since, by hypothesis, BXCBcn
N
; we have SðBX ; c

n
N
Þp1: Now, to finish the proof it is

enough to show that

supjjzjjo1ð
Pn

k¼1jzkj2Þ
1
2

n
¼ 1ffiffiffi

n
p

SðBcn
N
;BX Þ

:

ARTICLE IN PRESS
A. Defant et al. / Journal of Approximation Theory 128 (2004) 53–6866



To prove this equality we follow the pattern of Defant et al. [12, Corollaries 5.3, 5.4].
The canonical basis is 1-unconditional, thus

SðBcn
N
;BX Þ ¼ sup

Xn

k¼1
zkek

�����
�����

�����
����� : jzkjp1 k ¼ 1;y; n

( )
¼

Xn

k¼1
ek

�����
�����

�����
�����:

Moreover, since X is symmetric, by Lindenstrauss and Tzafriri [19, Proposition
3.a.6], we have that

Xn

k¼1
e�k

�����
�����

�����
�����
X �

Xn

k¼1
ek

�����
�����

�����
�����
X

¼ n:

Finally, in [14, Proposition 3.5] (see also [21, Proposition 3.5]) it is shown that under
our assumptions on X

sup
jjzjjo1

Xn

k¼1
jzkj2

 !1
2

¼ jj
Pn

k¼1e
�
kjjX �ffiffiffi

n
p : &

The last corollary is an analogue for the second Bohr radius of the one given for the
first Bohr radius in [12, Corollary 5.4]. The proof follows a similar pattern.

Corollary 3.11. Let X ¼ ðCn; jj:jjÞ be a symmetric Banach space. Then

BðBX ÞBðBX � ÞpC2 log n
dðX ; cn

2Þ
n

:

Moreover, if we assume Mð2ÞðX Þ ¼ 1 then

1

C2

dðX ; cn
2Þ

n
pKðBX ÞKðBX � ÞpC2 log n

dðX ; cn
2Þ

n

for all nX2; where 0oCpe323=2:

Since dðX ; cn
2Þp

ffiffiffi
n

p
(see e.g. [22, p. 249]) we obtain that for any sequence ðXnÞ of

symmetric n-dimensional Banach spaces Xn ¼ ðCn; jj:jjnÞ
lim

n
BðBXn

ÞBðBX �
n
Þ ¼ 0: ð3:5Þ
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